We numerically investigate second-harmonic generation from multiresonant plasmonic metasurfaces by designing an array consisting of L-shaped aluminum nanoparticles that simultaneously supports two surface lattice resonances with relatively high quality factors (>100). Using an approach based on the nonlinear discrete-dipole approximation, we predict an over million-fold enhancement of the emitted second-harmonic intensity from a particle at the center of the metasurface compared to an individual particle and estimate that conversion efficiencies of around 10 −5 could be achievable from the surface. Our results are an important step towards making nonlinear metasurfaces practical for nonlinear applications, such as for frequency conversion.
INTRODUCTION
Nonlinear optical processes are important in many diverse fields ranging from biomedical imaging to ultrafast spectroscopy [1] [2] [3] . An everyday challenge of nonlinear optics is that intrinsic material nonlinearities are very weak. Consequently, intense pulsed laser sources and bulky nonlinear materials such as crystals or fibers are commonly used to enable efficient nonlinear processes [4] . Due to recent progress in nanophotonics and metamaterials, there is a growing demand for smaller and more efficient nonlinear optical components. However, this miniaturization task is very challenging to accomplish by using traditional materials, which motivates the search for alternative approaches.
Recently, plasmonic metamaterials have emerged as viable candidates for efficient nanoscale nonlinear optics [5] . Metal nanoparticles support collective oscillations of conduction electrons, known as localized surface plasmons (LSPs), which can enhance the local field near the nanoparticles considerably [6] . This local-field enhancement is especially important for nonlinear interactions, because nonlinear optical processes scale with higher powers of the local field. Interestingly, at resonant conditions, local fields can be even further enhanced, a fact that has also been utilized in many applications ranging from surface-enhanced Raman spectroscopy to near-field scanning microscopy [7] [8] [9] . Very recently, multiresonant structures have been studied due to their potential for boosting nonlinear processes [10] [11] [12] [13] [14] . In these structures, both input and signal fields of nonlinear origin are enhanced due to simultaneously occurring multiple resonances.
Despite steady progress, multiresonant structures have yet to be exploited to demonstrate dramatically more efficient nonlinear metamaterials. This is mostly because metasurface designs depend on LSP resonances, which are associated with low quality factors (Q < 10). However, relatively high-Q-factor resonances (Q > 100) can be achieved by arranging metal nanoparticles into periodic arrays, where particles become optically coupled and give rise to very narrow resonances, known as surface lattice resonances (SLRs) [15] [16] [17] [18] . In fact, SLRs have already been utilized in many applications [19] [20] [21] [22] , where several works have also investigated their potential for nonlinear optics [23] [24] [25] [26] [27] [28] [29] . However, the nonlinear responses of multiresonant and high-Q-factor SLR arrays have not yet been investigated.
In this paper, we numerically investigate second-harmonic generation (SHG) from doubly resonant metasurfaces consisting of arrays of L-shaped aluminum nanoparticles. We use fullwave numerical simulations and the nonlinear discrete-dipole approximation (NDDA) approach to design a doubly resonant metasurface, calculate Q-factor values of the associated resonance peaks, perform SHG simulations, and estimate achievable conversion efficiencies. We predict an over six orders-of-magnitude enhancement of SHG emission from a particle at the center of the array compared to a single particle. We also estimate that conversion efficiencies around 10 −5 could be easily reachable using such metasurfaces.
THEORY
We use the NDDA approach to understand how multiresonant metasurfaces can be realized by arranging nanoparticles into periodic arrays supporting SLRs. The treatment follows earlier work on utilizing SLRs in nonlinear optics [26] [27] [28] .
We start by taking an applied field of the form E inc ω E 0 expik · r − iωt, where E 0 is the field amplitude, k is the wave vector, r is the position vector, ω is frequency, and t is time. This field is incident on a metasurface consisting of N nanoparticles, in which case the response of the jth particle at location r j is also affected by scattered fields due to all other particles. The local field at the jth particle is then written as
where A jk ω is a 3 × 3 matrix describing the interaction between jth and kth particles at frequency ω. For small nanoparticles surrounded by a homogeneous medium, this interaction term is given by [18, 30] A jk ω e ikr jk ϵ 0 r jk k 2 r jkr
where ϵ 0 is the vacuum permittivity, k nω∕c 2πn∕λ is the wavenumber, c is the speed of light in vacuum, λ is wavelength, n is the refractive index of the surrounding medium, r jk is the distance between the dipoles,r jk andr ⊺ jk are the unit vector pointing in the direction from r j to r k along with its transpose, respectively, and terms I are 3 × 3 identity matrices. This interaction term should be modified when particles associated with multipolar emission patterns are investigated, as was noted in Ref. [26] .
The dipole moment of the jth particle is defined as
Here we assume that the polarizability of the particle is given by [17, 31] 
where l is the effective length of the particle. The term α static is a static polarizability of a small nanoparticle and is written as
where A 0 is a constant, and ω res and γ are related to the center frequency and the half-width of the LSP resonance, respectively. These parameters may be determined empirically (e.g., by curve fitting to numerical simulations). In essence, by using Eq. (4), the static polarizability α static is modified to take into account the effects of radiative damping and dynamic depolarization, improving the accuracy of the approach, especially at longer wavelengths [31] .
By adopting notation A jj ω ϵ −1 0 α −1 ω, we can now rewrite Eq. (1) as a system of 3N linear equations given by
which can be combined with Eq. (3) to solve for the local field E loc [18, 32] . Looking at the above equations, we see that E loc and p are both affected by the scattered fields. Interestingly, this effect can considerably modify the linear optical responses of metasurfaces [16, 17, 21, 22] . The final step is to extend the above approach to the nonlinear process of SHG. A more general case has been considered earlier with a focus on singly resonant metasurfaces [27] . We assume that the undepleted-pump approximation holds, allowing us to write the SHG dipole moment component for the jth particle as p exc,j 2ω ϵ 0 β2ω; ω, ω:E loc,j ωE loc,j ω,
where β is the first hyperpolarizability tensor. Next, we need to include contributions of the scattered fields from all other dipoles on the jth dipole moment p j 2ω. This is done by forming and solving another system of 3N linear equations written as
The SHG response of a metasurface can now be predicted with the aid of the above equations [27, 28] . Specifically, the form of Eq. (8) gives rise to an additional lattice resonance contribution to the SHG response, facilitating the design of doubly resonant metasurfaces. A nice demonstration of the existence and possibility to use this contribution for enhancing SHG responses has been recently given in Ref. [26] .
DESIGN FOR DOUBLY RESONANT METASURFACE
Next we design a doubly resonant metasurface that simultaneously supports a high-Q-factor SLR at the pump frequency ω (SLR ω ) and at the SHG frequency 2ω (SLR 2ω ). We consider a rectangular array and a situation where the two SLRs oscillate along perpendicular lattice directions [see Fig. 1(a) ]. Particularly, we arrange the SLR ω (SLR 2ω ) to arise due to inter-particle coupling in the y direction (x direction). This way, changes in the lattice period along x (y) do not markedly affect the SLR 2ω (SLR ω ) center frequency, simplifying the design process. We note that by utilizing coupling along diagonal lattice directions, one could also design triply resonant metasurfaces for non-degenerate processes such as sum-frequency generation or difference-frequency generation [18, 27] . In our lattice configuration, the local field at the pump frequency E loc ω is enhanced due to strong lattice coupling between particles along the y direction [see Fig. 1(a) ]. Consequently, nanoparticles should exhibit polarizability with a strong x component α x ω. In this case, particles will efficiently scatter incident x-polarized light along y direction, giving rise to SLR ω [18] . Similarly, when we enhance the local Research Article field at the SHG frequency E loc 2ω, we need strong lattice coupling along x, and therefore α y 2ω should be strong.
The two above conditions are seemingly easily fulfilled, for example, by using rectangular nanoparticles [33] . However, complications arise because SHG is a second-order nonlinear process and is therefore strongly affected by symmetry considerations [4] . In particular, centrosymmetric structures, such as rectangular nanoparticles, do not exhibit SHG responses that are allowed under electric dipole approximation when illuminated with a plane wave at normal incidence [34] . Therefore, nanoparticles with low symmetry should be used. Here, we investigated asymmetric L-shaped nanoparticles with two unequal arms of lengths l 1 and l 2 [see Fig. 1(b) ], possessing a hyperpolarizability tensor with all components being nonzero. In this work, we were interested in the β yxx component, because it facilitates coupling of the two orthogonally oscillating SLRs by allowing x-polarized fundamental field to give rise to a y-polarized SHG dipole moment [see Eq. (7)].
Next, we performed full-wave numerical simulations using finite-difference time domain (FDTD) software Lumerical FDTD Solutions in order to optimize the structure of the metasurface. The operating wavelength was chosen to be 1200 nm resulting in SHG emission at 600 nm, and the metasurface was assumed to be embedded in a homogeneous medium with n 1.51. In order to realize SLRs with high Q-factors, scattering and absorption losses of the metasurface should be minimized. To minimize absorption losses related to LSP resonances, small nanoparticles should be used. However, small nanoparticles scatter light only weakly, resulting in weak SLRs [18] . Here, we decided to use asymmetric L-shaped aluminum nanoparticles with thickness h 30 nm, left-side arm length l 1 100 nm, right-side arm length l 2 90 nm, and arm width w 45 nm [see Fig. 1(b) ]. Sharp corners of the particles were rounded with the radius of 10 nm. The particles were chosen to be made of aluminum instead of gold, which is typically used in plasmonic applications. This material choice allowed the shorter wavelength LSP resonance to occur near 470 nm, which resulted in high-Q SLRs. These particles were arranged into a rectangular lattice with the periods p x 395 nm and p y 793 nm, giving rise to the two high-Q SLRs at the SHG and the fundamental wavelengths, respectively.
RESULTS AND DISCUSSION
We performed FDTD simulations to investigate the linear optical responses of both individual L-shaped nanoparticles and their arrays. We used the total-field scattered-field method to simulate transmission spectra of individual particles for x-and y-polarized incident light at normal incidence [see Fig. 2(a) ]. The simulated transmission spectra verified that incident x-polarized (y-polarized) light is optimally coupled to plasmon oscillations related to the longer (shorter) wavelength LSPR of the L-shaped nanoparticles [35] . Metasurface simulations were performed by using periodic boundary conditions, and the simulation time was set to 4 ps. Simulated transmission spectra for x-and y-polarized incident light at normal incidence are shown in Fig. 2(b) . The peak wavelength of the occurring shorter (longer) wavelength LSP resonance was found to be 472 nm (657 nm) [see Fig. 2(a) ], and SLR 2ω (SLR ω ) was verified to peak close to 600 nm (1200 nm) [see Fig. 2(b) ]. By estimating the full-width at half maximum values of the SLR peaks, we calculated the associated Q-factors to be around 250 and 800 for SLR 2ω and SLR ω , respectively.
We then performed linear and SHG simulations by using the above-mentioned NDDA method [27, 28] . The simulated metasurface consisted of 600 × 600 particles corresponding to a physical size of around 250 × 500 μm 2 , and was illuminated by a normally incident x-polarized plane wave. Polarizability components α x ω and α y 2ω were found by curve fitting two transmission line profiles simulated using the NDDA method to the respective spectra simulated by using the FDTD method [see Fig. 2(a) ]. Parameters resulting in a good fit were found to be A Fig. 2(b) , which agree quite well with the full-wave FDTD simulations (solid lines). As expected, the only relevant non-zero hyperpolarizability tensor component was found to be β yxx .
The simulated SHG emission enhancement for one particle at the center of the metasurface is shown in Fig. 3 , where over million-fold (1,389,200-fold) enhancement in the SHG emission intensity occurs for the fundamental field at 1200 nm (black solid line in Fig. 3 ). The result is scaled with respect to SHG emission from a single isolated nanoparticle. In order to verify that the enhancement was of doubly resonant origin, we repeated SHG simulations while slightly varying the period p x . Variations in p x affect the position of SLR 2ω and make the metasurface singly resonant. The slight detuning of the period from the value p x 395 nm to 393 nm and 398 nm resulted in one to two orders of magnitude decrease in the overall SHG enhancement at 1200 nm (see respective red and blue dotted lines in Fig. 3) . Particularly, the simulated SHG enhancement factors were found to be 465,900 and 31,600 for p x 393 nm and 398 nm, respectively. It is clear by looking at these values that most of the resonance enhancement predicted for the doubly resonant metasurface occurs due to resonance enhancement at the fundamental wavelength. However, this is expected because the SHG process depends quadratically on the fundamental field strength. In addition to the expected decrease in SHG enhancement at 1200 nm, new resonance peaks appeared on the SHG spectra (highlighted with arrows). These results verified the doubly resonant origin of the original SHG enhancement using p x 395 nm.
Next, we provide an order-of-magnitude estimate for SHG conversion efficiency that could be reached using the designed metasurface. Because quantitative SHG responses from aluminum nanoparticles have not been reported so far, our estimates are based on similar gold nanoparticles. In our previous study [28] , we estimated the SHG conversion efficiency of an array of L-shaped gold nanoparticles to be 6 × 10 −12 . In this study, the excitation of the nanoparticles was non-resonant, and was performed by an unamplified fs-laser with modest peak intensity of around 60 MW∕cm 2 at the sample plane. Therefore, we estimate SHG conversion efficiencies around 10 −5 to be easily reachable with the proposed doubly resonant metasurfaces using a single-pass configuration and pumping conditions similar to the ones used in the previous study. Higher conversion efficiencies are likely to be achievable either by utilizing multi-pass pumping schemes or by designing metasurfaces able to withstand more intense pumping conditions [36] . For example, single-pass non-multiresonant metasurfaces have already reported high third-harmonic generation conversion efficiencies (0.45%) [37] . By applying the approach introduced here, conversion efficiencies would be increased to a level that may truly begin to be useful for practical frequency conversion applications. Although the estimated conversion efficiency is not yet comparable to what is achieved using traditional nonlinear materials, such as crystals, the studied metasurface with thickness of 30 nm is extremely thin, being advantageous for frequency conversion applications. For example, thin metasurfaces are free of phase-matching issues, which is important when dealing with traditional nonlinear materials [4] .
We then compare the predicted SHG enhancement factors with earlier experimental work. The highest singly resonant SHG enhancement factor, reported to date, is 450 [29] , which is two to three orders of magnitude lower than predicted here for the singly resonant case. It is often true that the theoretical and numerical predictions exceed the experimental values. However, we believe that this discrepancy between the performed experiments and the numerical predictions based on a widely accepted approach implies that experiments have not yet been performed on entirely optimized metasurfaces. In particular, the experimentally demonstrated Q-factors remain much lower than the ones we predict in the present paper.
Finally, we note that our approach is very general and could be used to enhance light-matter interactions in various nonlinear metasurfaces and metamaterials. Here, we restricted our study to SHG from L-shaped aluminum nanoparticles, but the approach could work also with other materials and particle Fig. 3 . Predicted SHG emission intensity enhancement for a single particle at the center of the metasurface. Over million-fold (1,389,200-fold) enhancement of SHG emission occurs for the doubly resonant metasurface (black solid line), in comparison to a single particle. The doubly resonant origin of the enhancement is verified by varying p x , which results in decreased SHG emission near 1200 nm (red and blue dotted lines). The red (blue) dotted line corresponds to p x 393 nm (398 nm). The simulated SHG enhancement factors were found to be 465,900 and 31,600 for p x 393 nm and 398 nm, respectively. The features appearing in the spectra due to the de-tuned SLR 2ω are highlighted with arrows.
shapes of proper symmetry, such as split-ring resonators or related inverse Babinet structures [38] . In fact, the approach might be even more useful for enhancing nonlinear responses of dielectric metasurfaces [39] , because such structures should be able to support resonances with considerably higher Q-factors than what is currently achievable with SLRs. In addition, it should be possible to combine this concept with recently introduced multiresonant nanostructures, where the nonlinear optical responses of individual nanoparticles already exhibit doubly resonant behavior [10, 14] .
CONCLUSION
We have demonstrated an approach to realize multiresonant metasurfaces, which could enable nonlinear optical applications such as frequency conversion. We have designed a metasurface consisting of L-shaped aluminum nanoparticles that simultaneously supports two surface lattice resonances with relatively high Q factors, and have numerically investigated secondharmonic emission from the metasurface. An over million-fold enhancement of the second-harmonic emission intensity is predicted, and power conversion efficiencies of around 10 −5 are estimated to be reachable already using a single-pass configuration and modest pumping conditions. Because the approach is not restricted to any particular nanoparticle shape or material, it could provide a very general way to enhance optical nonlinearities of metamaterials for a variety of other nonlinear optical processes such as photon pair creation of THz-wave generation.
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